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The rate of Schwinger pair production due to an external electric field can be derived heuristically
from the uncertainty principle. In the presence of a cosmological constant, it has been argued in
the literature that the uncertainty principle receives a correction due to the background curvature,
which is known as the “extended uncertainty principle” (EUP). We show that EUP does indeed lead
to the correct result for Schwinger pair production rate in anti-de Sitter spacetime (the case for de
Sitter spacetime is similar), provided that the EUP correction term is negative (positive for the de
Sitter case). We compare the results with previous works in the EUP literature.
I. SCHWINGER PAIR PRODUCTION FROM
THE UNCERTAINTY PRINCIPLE
The quantum vacuum is teeming with virtual particles,
whose fleeting existence is governed by the uncertainty
principle. On the other hand, if we apply a sufficiently
strong external electric field, we can “boil the vacuum”
[1] and create real particle pairs from the virtual ones.
This is the well known Schwinger effect [2]. There are
many ways to derive the Schwinger critical field and the
corresponding pair production rate. However, a heuristic
derivation can already give us some insights as to why
such an effect should occur (in the Appendix we briefly
discuss the Euclidean method).
Consider a virtual electron-positron pair in a constant
electric field of strength1 E. Suppose the particles move
apart from each other by a distance ℓ, then the amount of
energy they receive from the electric field is eEℓ. The pair
will become real if eEℓ > 2me, i.e., if the energy exceeds
the rest mass of the two particles. The typical separation
of the virtual pair is of the order of the Compton wave-
lenth 2π~/me. This can be derived from the Heisenberg
uncertainty principle as follows. First, denote the charac-
teristic length scale ℓ ∼ ∆x, and2 ∆p ∼ me. Then the un-
certainty relation ∆x∆p ∼ ~/2 implies that ℓ ∼ ~/(2me).
This is the Compton wavelength ℓC = 2π~/me up to a
dimensionless constant 4π. Thus the condition that the
virtual pair becomes real is the inequality
eEℓC = 4πℓeE > 2me, (1)
which implies that the Schwinger critical field ES should
lElectronic address: ycong@yzu.edu.cn
1We shall work with the units in which c = G = 4πǫ0 = 1 but
~ 6= 1, so ~ has the dimension of area, while mass and charge have
the dimension of length. The electric field has dimension of inverse
length.
2We assume that the speed v is not too large to require relativis-
tic correction for the momentum. In any case, for v not too close
to 1, the γ-factor is of order unity which can be neglected in our
heuristic approach.
satisfy (up to a constant 1/π factor), the relation
m2e
~eE
∼ 1, (2)
This is indeed the case. In conventional SI units, we have
Es =
m2ec
3
e~
≈ 1.32× 108V/m. (3)
The Schwinger pair production rate, which we will denote
as Γ, is proportional to exp [−S(E)], where
S(E) =
πm2e
~eE
, (4)
which is a constant multiple of the left hand side expres-
sion in Eq.(2). So far, the derivation is a textbook mate-
rial [3]. In the following we will generalize this argument
to derive the Schwinger effect in anti-de Sitter spacetime.
II. SCHWINGER PAIR PRODUCTION IN
ANTI-DE SITTER SPACETIME
The Schwinger pair production rate receives a correc-
tion in the presence of a nonzero cosmological constant,
Λ. In this work we will focus on the anti-de Sitter (AdS)
case, which corresponds to Λ < 0 (the case for Λ > 0,
i.e. in de Sitter (dS) spacetime, is similar, and will be
discussed later). With L denoting the curvature length
scale of the AdS spacetime, the pair production rate is
known from the literature to be exp [−S(E,L)], where3
S(E,L) := 2πL2~−1
(
eE −
√
(eE)2 −m2e/L2
)
(5)
≈ 1
~
[
πm2e
eE
+
1
4
πm4e
e3E3L2
]
, (6)
3In the square root sign there appears an additional term in-
versely proportional to L4 [4–6], which is related to the famous
Breitenlohner-Freedman bound [7] in AdS spacetime, if one consid-
ers one-loop vacuum amplitude effect. This term does not appear
in our work. Our expression is the same as, e.g. Eq.(2.28) of [4].
2up to 1/L2 order in the large L series expansion [4, 5, 8].
A derivation using Euclidean method (Wick rotation) is
provided in the Appendix. Note that the pair production
is suppressed compared to the Minkowski case. On the
other hand, the rate will be enhanced in de Sitter space-
time (heuristically, positive cosmological constant that
drives the expansion of the Universe also makes separat-
ing particle pairs easier; a negative cosmological constant
acts in an opposite manner.)
The question we are interested in is this: can we de-
rive Eq.(6) with a suitable correction to the uncertainty
principle? As we shall see, the answer is yes, but not
without leaving a puzzle behind concerning the sign of
the correction parameter.
Such a correction to the uncertainty principle is known
as the “extended uncertainty principle” (EUP), which
takes the form
∆x∆p ∼ ~
2
[
1 +
β(∆x)2
L2
]
. (7)
The parameter β is often taken to be of order unity.
There have been some debates concerning the sign of β,
an unresolved issue that we will discuss in the next sec-
tion. For now, let us take Eq.(7) for granted and repeat
the calculation in Sec.(I).
Eq.(7) is a quadratic equation in ∆x and thus gives
two possible solutions
∆x± =
L(L∆p±
√
L2(∆p)2 − β~2)
β~
. (8)
However, ∆x+ ∼ 2∆pL2/(β~) − ~/(2∆p) + O(β/L2) in
large L limit, which is divergent. Therefore ∆x− is
the only sensible solution that yields the correct limit-
ing behavior: ∆x− ∼ ~/(2∆p) + O(β/L2). Thus, with
∆p ∼ me, we have
ℓ ∼ ∆x− ∼
L(meL−
√
L2m2e − β~2)
β~
. (9)
From Eq.(1), one can obtain the modified Schwinger
critical field condition:
1 ∼ meβ~
2πeEL
(
meL−
√
m2eL
2 − β~2
)−1
(10)
=
β~
2πeEL2
[
2m2eL
2
β~2
− 1
2
+ O
(
β
L2
)]
(11)
=
1
π2~
[
πm2e
eE
− π~
2
4
β
eEL2
]
+ O
(
β2
L4
)
. (12)
Dropping the constant prefactor, the expression in the
square bracket should be compared to the expression in
the square bracket of Eq.(6).
Since the characteristic field strength is E ∼
me/(2πℓe), we also have
−π~
2
4
β
eEL2
∼ − π
2
~
2meL
(
meL−
√
m2eL
2 − β~2
)
(13)
= −1
4
β~3π2
m2eL
2
+ O
(
β2
L4
)
.
Therefore, up to the same order of the series expansion,
~ = m2e/(πeE). Consequently, we have
− π~
2
4
β
eEL2
= − m
4
eβ
4πe3E3L2
. (14)
Comparing this with Eq.(6), we conclude that
β = −π2. (15)
While the exact numerical value is probably not impor-
tant in such a heuristic treatment anyway, we note that
the sign of the EUP correction is negative. This is a sur-
prising curiosity. Let us now compare this result with
other works in the literature.
III. THE SIGN OF EXTENDED UNCERTAINTY
PRINCIPLE PARAMETER
Initially, EUP was motivated by Park from the point of
view that such a form of the uncertainty principle would
allow a heuristic derivation of the Hawking temperature
of black holes in AdS or dS spacetimes [9] (further anal-
ysis of black hole thermodynamics in this context was
carried out in [10]). For example, the Hawking tempera-
ture of a Schwarzschild-AdS spacetime in d-dimension is
given by
T =
~
[
(d− 3)L2 + (d− 1)r2+
]
4πL2r+
. (16)
Consider a temperature of a typical photon emitted by
the black hole (in the unit that the Boltzmann constant
kB = 1), T = E = pc. From the EUP, we can indeed
heuristically derive the correct form
T ∼ ∆p ∼ ~
2
[
1
∆x
+
β(∆x)
L2
]
. (17)
Such technique is a direct generalization of the discussion
in asymptotically flat case [11], in which ∆x ∼ r+ is the
horizon scale (a typical Hawking quanta can materialize
in a “quantum atmosphere” that extends quite far away
from the horizon, as emphasized by Giddings [12]). This
“derivation” implies that β is positive in AdS spacetime,
and negative in dS case4.
Shortly after, Bambi and Urban [13] argued that con-
trary to Park’s proposal, the sign for β in de Sitter space-
time should be positive. More recently, Lake et al. pro-
posed a derivation of EUP from superpositions of geome-
tries [14], in which the sign of EUP parameter is the
4In [9], the absolute value β is also dimensional dependent, but
because of the heuristic nature of the Hawking temperature deriva-
tion, it is not clear that the constant numerical coefficients involved
should be taken too seriously. Therefore we shall just focus our dis-
cussion on the sign of β.
3same as the sign of the cosmological constant. That is
to say, our result in this work agrees with Lake et al.
[14], and is also consistent with Bambi [13], but not with
Park [9] (also not with the anti-Snyder-de Sitter model of
Mignemi [15]). In this section, we will attempt to further
strengthen the argument for the case sgn(β) = sgn(Λ).
First we note that there have been recent attempts to
give EUP a more rigorous foundation from other points
of view, see, e.g. [16–20]. Notably, EUP correction can
be viewed as a classical curvature correction due to the
underlying geometry [18, 21]. This is different from GUP
correction (see Eq.(22) below) which is quantum gravita-
tional in nature. In fact, in the 1960s, Judge essentially
showed that on a unit circle S1, the uncertainty principle
should take the form5
∆x∆p >
~
2
[
1− C(∆x)2] , (18)
where C is a constant, argued to be 3/π2 [22, 23]; see
also [24]. Hence, along with [18], these give good argu-
ments that if the underlying spatial geometry is positively
curved, then the corresponding EUP should have a nega-
tive correction term and conversely, a negatively curved
spatial geometry should give rise to a positive correction
term, at least when the geometry is of constant sectional
curvature. This would suggest that de Sitter spacetime,
whose global spatial section is S3, should correspond to
negative EUP parameter. Nevertheless, one has to keep
in mind that both de Sitter and anti-de Sitter spacetimes
are maximally symmetric, so one could always choose a
foliation such that the spatial slices are either positively
curved, flat, or negatively curved, so this argument is
suggestive at best.
In fact, for locally asymptotically AdS spacetimes, it is
well-known that there are topological black hole solutions.
Their Hawking temperature takes the form [25]
T =
~
[
k(d− 3)L2 + (d− 1)r2+
]
4πL2r+
, (19)
where k = +1, 0,−1 correspond to horizons that are pos-
itively curved, flat, and negatively curved, respectively.
The heuristic argument to derive Hawking temperature
discussed above therefore only works for k = 1 case, and
even then such subtleties mean that it becomes rather
doubtful whether the heuristic argument works as in-
tended. Note that for the k = 0 case, AdS toral or planar
black hole has temperature that is directly proportional
to r+, not inversely proportional to it as in asymptotically
flat spacetime. If some form of modified uncertainty prin-
ciple exists that would allow us to derive Hawking tem-
perature in the manner discussed above, then it must
take the form ∆x/∆p = const., which is not the usual
5Judge was actually discussing an equivalent problem: the un-
certainty principle between angular momentum Lz and angle ϕ.
Heisenberg form plus a correction term. This would be
rather surprising indeed as one can take both ∆x and
∆p to be arbitrarily small, while keeping their ratio con-
stant. In other words, Hawking radiation of AdS black
holes depend on the underlying topology, which does not
seem easily encoded by just a single form of EUP. For a
different criticism of [9], see [26].
The Schwinger effect, on the other hand, is indepen-
dent of k. This can be readily shown, for example,
by deriving the particle production rate from Euclidean
method (Wick rotation), as we show in the Appendix.
Our heuristic derivation thus fixes the sign for EUP pa-
rameter in a more concrete, straightforward, manner.
Our work is, in any case, not the first to employ EUP
to derive Schwinger effect in the presence of a cosmolog-
ical constant. Hamil and Merad had previously derived
Schwinger effect in de Sitter spacetime by employing a
much more rigorous method than ours [27]. They solved
EUP-modified Klein-Gordon equation and obtained the
pair production rate, which is known from earlier litera-
ture [5, 28] to be, up to the first correction term6,
ΓdS-EUP =
πm2
eE
− 1
4
πm4
e3E3L2
, (21)
which corresponds to β > 0 in our work, as expected.
This seems strange at first since Hamil and Merad actu-
ally assumed from the beginning that EUP in de Sitter
spacetime corresponds to β < 0 (in our notation). How-
ever, there appears to be a typo of a sign (going from
Eq.(56) and Eq.(57) to Eq.(59) in their paper), which
seems to indicate that in order to match Eq.(21), they
should have β > 0 instead. Nevertheless, much of the
calculations in [27] needs to be repeated with β > 0 to
see if this gives consistent results, as the corresponding
equations are not readily obtained just by reversing a few
signs.
We shall also remark that various authors have em-
ployed EUP with positive β without specifying whether
it corresponds to either dS or AdS (see, e.g., [29, 30]), but
based their motivations on the ground that this recovers
the symmetry with the “generalized uncertainty princi-
ple” (GUP), which is a quantum gravitational correction
to the Heisenberg uncertainty principle [31–37]:
∆x∆p ∼ ~
2
[
1 +
α(∆p)2
~
]
, (22)
in which α is often taken to be positive. Indeed GUP with
positive α can be derived from various means, includ-
ing various quantum gravitational arguments (see also,
6The full expression of S(E,L) in de-Sitter spacetime is
S(E,L)dS-EUP = 2πL
2
~
−1
[√
(eE)2 + (m/L)2 − eE
]
, (20)
having ignored the term that corresponds to the one-loop effect
mentioned in Footnote 2.
4[38]). Curiously, even for the case of GUP, there are still
some indications that α might be negative. For example,
a lattice “spacetime crystal” gives rise to such a GUP
[39]. Negative GUP parameter is also needed if one ac-
cepts that Wick-rotation can be applied to obtain GUP-
corrected black hole temperature from a Schwarzschild-
like black hole with higher order terms [40]. More re-
cently, non-commutative geometry [41] and corpuscular
gravity, were also shown to give rise to negative α [42].
See [43–45], as well as the recent review [46], for more
discussions.
Incidentally, the method used in Sec.(II) can be used
to compute GUP correction to the Schwinger effect as
well. Since the steps are nearly identical, we only state
the result here: the pair production rate goes like
ΓGUP-dS = exp
[
−
(
π~m2e
eE
− απ3eE
)]
, (23)
which agrees – up to a constant numerical factor in the
second term linear in E – with the the result in [47] ob-
tained using a more rigorous method7. This gives another
support to the validity of our heuristic method. (How-
ever, to be fair, it is inconsistent with [48], in which the
sign of the second term is opposite, although both [47]
and [48] involve a positive GUP parameter.)
IV. CONCLUSION
Schwinger particle production by external electric field
can be heuristically derived using the Heisenberg’s uncer-
tainty principle [3]. In this work, we provided a heuristic
derivation of the Schwinger effect in anti-de Sitter space-
time (similarly for the de Sitter case) using the so-called
extended uncertainty principle (EUP). We found that in
order to obtain the known correct result, the EUP param-
eter must be negative in AdS spacetime, and positive in
dS spacetime. This result is consistent with some works
in the literature, but not with others. We have further
discussed why using the known result for Schwinger pair
production rate to determine the sign of EUP parameter
is more reasonable than using Hawking radiation, though
both derivations are heuristic. Nevertheless, the sign of
EUP parameter – like that of GUP – still requires further
studies, as different considerations and methods seem to
yield different results. This issue requires a better un-
derstanding so that EGUP can be better employed as a
phenomenological tool for us to investigate the interface
of quantum mechanics and gravity.
7Again, modulo the term that corresponds to the one-loop effect
discussed in Footnote 2.
Appendix: Euclidean Derivation of the Schwinger
Effect in AdS Spacetime
First, let us review the Euclidean method that al-
lows us to compute Schwinger pair production rate in
Minkowski spacetime. Upon Wick rotation t 7→ τ = it,
Minkowski space (now Euclidean space) in the τ -r plane
can be written in the polar form (the problem is essen-
tially 2-dimensional):
ds2 = dR2 +R2dψ2. (24)
One construct an effective action Seff = mℓ−eEA, where
ℓ and A are the length (circumference) and the area of
a circle of radius R centered at an arbitrary fixed point.
(We prefer not to include ~ in this effective action because
it is a quantity constructed from classical geometry; the
actual action is then S = Seff/~, which is rightfully di-
mensionless.) Then
Seff = mL− eEA = 2πmR− πqER2. (25)
Solving ∂Seff/∂R = 0 gives the extremal value Rext =
m/(eE), which upon substituting back into the action
gives Seff = πm
2/(eE). The pair production rate is
exp(−Seff/~). The method is well-known, and was men-
tioned in, e.g., [49].
This method is readily generalized to anti-de Sitter
spacetime. Circumference and area are best computed in
the generalized version of polar coordinates – the geodesic
polar coordinates. Around an arbitrary fixed point, the
metric of a space of constant negative Gaussian curvature
K in 2-dimensions has the following form (see Corollary
7.2.1 of [50]):
ds2 = dr2 +
1
−K sinh
2(
√
−Kr)dψ2. (26)
Given the 2-dimensional AdS metric in static coordi-
nates,
ds2 =
(
1 +
r˜2
L2
)
dτ2 +
(
1 +
r˜2
L2
)−1
dr˜2, (27)
we have K = −1, and so
ds2 = dr2 + L2 sinh2(r/L)dψ2. (28)
The effective action S = mℓ− eEA has circumference
ℓ =
∫ 2pi
0
L sinh(R/L) dψ = 2πL sinh(R/L), (29)
and area
A =
∫ 2pi
0
∫ R
0
L sinh(r/L) drdψ = 2πL2[cosh(R/L)− 1].
(30)
Solving for ∂Seff/∂R = 0 gives the extremal value
Rext =
L
2
ln
(
eEL+m
eEL−m
)
. (31)
5Consequently,
Seff-AdS = 2πL
2
(
eE −
√
e2E2 − m
2
L2
)
. (32)
This calculation only depends on the Gaussian curvature
of the Euclidean manifold. It can be shown that AdS
metric with different foliations such that
ds2 =
(
k +
r˜2
L2
)
dτ2 +
(
k +
r˜2
L2
)−1
dr˜2, (33)
also gives K = −1/L2, and so the result is independent
of k.
Note that alternatively, if we are only interested in
the first few correction terms of the pair production rate,
we can simply take a geodesic disk and compute with
the well-known formula from differential geometry (see,
e.g. Theorem 3.1 of [51], which gives results for higher
dimensions as well)
A = πR2
(
1− KR
2
12
+ · · ·
)
, (34)
and
ℓ = 2πR
(
1− KR
2
6
+ · · ·
)
, (35)
so that
Seff-AdS ≈ 2πmR
(
1 +
R2
6L2
)
− πeER2
(
1 +
R2
12L2
)
.
(36)
Again we can solve for ∂Seff/∂R = 0 and subsitute the
extremal value Rext into the effective action. This gives,
after some cumbersome algebraic manipulations, the final
result:
Seff-AdS ≈
πm2
eE
+
1
4
πm4
e3E3L2
. (37)
Note that this method also does not depend on k.
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